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ABSTRACT

Three preliminary studies in progress to assess the correlation to
be expected between elastic-work-hardening-plastic continuum theory and
experiments are reviewed. Consideration is being given to required
accuracy of the specification of the stress-strain curve and appropriate-
ness of assumption of small strains and rotations in the theory. A
previously developed [inite element computer program is being used, and
experimental data has been obtained from other laboratories. The studies
include plastic deformation about an initially round hole cross-bored
through a 2024-T35 aluminum alloy rod subjected to pure twist, local
behavior in plane strain near a crack tip in a thick plate, and thickness
reduction in plane stress near a crack tip in a thin sheet. These
studies are intended to provide the experience required to evaluate
adequately a sophisticated finite difference computer program for
elastic-work-hardening-plastic analysis of solids containing notches
or cracks. The development of such a program is in progress under this
grant.

HGMcComb :eks (Typed 2-29-68)



FOREWORD

5 This report describes work perforemed in the Department of

| Mechanical Engineering at the Carnegie Institute of Technclogy of
Carnegie-Mellon University for Langley Research Center, Naztional
Aeronautics and Space Administration, under NASA grant NGK-39-002-023,
"Analysis of Notches and Cracks.'" The work was performed betﬁeen
October 1966 and December 1967. Notes for this report are kept in
File SM-8.

It is a pleasure to acknowledge t¢he cooperation of Mr. H. G. McComb,

Technical Liaison Officer at Langley Research Center, during the tenure
of this research. Valuable technical contributions have also bteen made
by Mrs. Carol Ann Clark, Dr. T. A. Cruce, and Messrs. D. Louge and
R. R. Shuck. Thanks are due to Miss Judith Kajder for h:2r meticulous

preparation of the manuscript.



I. INTRODUCTION

The work being done in the current rssearch program involves
generating solutions to the equations of clasto-plastic flow. Such
solutions may be distinguished from earlier work of & sinilar nature by
two factors, The first is that the numerical technicues inder
deve.‘».opment1 must be of inherently high zccuracy. Thus we are
designing methods which should produce errors of the ordsr of one
per cent. The second factor is that the solutions so derived must be
physically meaningful, at least for prublems of a certain type.

Intexwoven with these characteristics is the objective of
applying the solution techniques to problems involving notches and
cracks in otherwise simple shapes, e.g., rods and plates. Viewed as
initial- and boundary-value problems ir elasto-plasticity theory, the
analyst finds no obstacle in principle to obtaining a myriad of
solutions. (Operationally, of course, there are many difficulties, the
resolution of which has occupied consicerable effort over the last

year.) Less clear, however, is the requirement of being physically
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t has not been established fully whether
the thecry of elasto-plastic fiow is an accurate model of the associated
physical szvent. Should this be the casze, we do not know precisely

what conditions need be met to use this model. Two items are of
particular interest. The first concerns how accurately the local

stress-strain curve may be specified, and the second concerns

whether small strain and rotation assumptions are appropriate.

Commenting briefly on the stress-strain curve, we may note the
availability of three forms for a given material test. There is

first the "engineering' stress-strain curve which is merely a



rescaled force-displacement curve taken from a simple labcratory test,
say, under uniaxial tension. There is thz sc-called true stress-
true strain curve which accounts for irncompressibility of plastic
flow. Finally, (Bridgman's) correction may be applied to account for
localized necking near the end of the test, prior to fracture of the
specimen., So far as we know, these forms may provide a bzsis for
selecting a reasonable representation of the actual - as cpposed to
"true' - stress-strain characteristic of the material. Tc¢ the writer's
knowledge, however, the (quantitative) accuracy of cach of these curves
has not been established. This situation becomes problemstic in the
event nesrly exact solutions to the original field equaticmns are
available; errors could accrue from incorrect material chrracteristics.
Closely allied to this ambiguizy is the matter of hov a uniaxial
curve, even if properly specified, may be generalized to & triaxial
stress state. This is the task of selecting an equivalent stress, e.g.,
octzhedrzl or maximum shear. Without going into further detail, it is
pertinent to note that proper characterization of a given (metallic)
material thus remains an open, importsnt, and not fully siudied problem.
The tack taken in the present program is, in a sense, to evaluate
the state of the art via suitable pilo: studies. We thus use solution
methcds developed previouslyz"4 in conjunction with experimental work
performed at other laboratories by specialists in this phase of the
work. The viewpoint therefore is, given the indeterminacy of the model
and the material characterization, can we make any quantitative

assessment of the degree of compatibility between theory and



experiment? Of course, such a view impiies that we learn how to make
the compzrisons, and that we begin the arduous task of establishing
elasto-plasticity as a predictive device.*

Threse separate problems have been selected for these pilot
studies; progress in each is discussed in the following s2ctions. It
should be noted that, for all, considerable effort is being made to
distinguish between numerical errors inherent in the soiution method,
and rtodelling errors that accrue as noted above. Hence, a fair amount
of attention is directed towards the ranuner in which the aumerical

solution is to be interpreted.

*'It is interesting to compare the state of the art of plasticity, i.e.,

elasto-plastic flow theory, in this respect with that of elasticity.
former is in its infancy, the latter fuily established.

The



II. PLASTIC DEFORMATION OF A HOLE IN SHEAR

The problem to be studied arises from an experimental study
performed by Alpaugh.S He used a 1.75 in dia rod of 2024-T35
aluminum that was cross-bored with a hole 0.0625 in dia. The rod
was loaded in a torsion machine and loading continued until the applied
shear sticain was about 0.20.

The companion analysis was performed in the following manner.

We presume a square specimen, whose haif-width is 1 in, uader condition
of piane strain. The specimen contains 2 circular hole of radius

0.1 in through its center. The specimen is loaded in compression on
its upper and lower faces and in tension of the same amcuat on its
remaining faces. In this manner, the loading is equivalent to the
pure sheisr of a torsion machine.

Loading proceeded in 39 increments as follows. The first increment
was adjusted so that yielding was ready to begin at the most highly
stressed portions of the body (16,000 lb/inz). Subsequent load
increments were made very much smaller, and the total load achieved
was 50,000 lb/inz.

In zs much as the problem has cevtain symmetry, we nz2ed only
consider one quadrant of the square. This was divided into 200 triangular
elements which, although a fairly coarse mesh, was thought to be
adequate to the purposes at hand. Vertices of the elements met to
define 121 nodes which, for constant-strain finite elements, gave
242 degrees of freedom.

At the end of each load increment, the displacements of each

nodal point were (algebraically) added to the coordinates of that node.



In this nanner, the changing shape of the bcdy was taken into account,
albcit approximately.

The original and final shapes thus obtained are shown in
Figure 2.1; note that the x-axis on this Figure corresponds to a 45°
helix on the torsion specimen.

The eccentricity of the hole may be defined as
m= (A - B)/(A + B) (2.1)

where A and B are the major and minor axes of the hole. From the

theory of elasticity, it may be shown that
m= 4( - v}ex (2.2)

where v is Poisson's ratio (v = 1/3 in this case) and € is the strain

(in the x direction in Figure 2.1} fay from the hole. McClintock et al.,6

predicted from simplified analysis that

m= 2¢ ’ (2.3)
whereas a straight-line fit of Alpaugh's data indicated ihat

m = 3.26e (2.4)

The question therefore becomes, what relation between m and €y

is given by the finite element analysis? The answer is to be seen in



Figure 2.2. The early stages of loading agrce with the elastic
solution, given in (2.2). Very quickly, however, the behavior changes
to conform more nearly to Alpaugh's datz and continues uvp to a load
of 45,000 lb/inz, after which the two diverge.

Comient: To a large extent, comparison between theory and
experiment is most encouraging. We have, af:er all, predicted with
reasonable accuracy the relation betwecn eccentricity m and "applied”
strain z, Note that €y is one-half the shear strain appiied by
Alpangh. Still, there are certain deficizncies in the so’ution which,
for the nmost part, appear attributable to the use of the finite element
method as a basic solution technique. These same characteristics appear
in other problems discussed in this repoxrt and will not be shown in
detail here. Usually, these characteristics involve non-unifcrmities
in the stress gradients in a few areas of high stress. For example,
if the stress components Oys ay, and Txy are plotted as & function of
angular position aroung the hole periphery,* they do not wvary smoothly
with position. For the first (elastic) load increment, the stresses

shov errors - compared to the theorstical results - of roughly constant

v, This

i £

erro from one element to the next, buw of aiternating s:
trend tanie to be accentuanted as yicld mp proceeds.

A second shortcoming is the devia:ion between theory and experiment
at higher loads - see Figure 2.2, There are several factors, of course,
that could mitigate the deviation. Alpaugh's data are noticeably

sparse above ex = 0.08 (two points above this strain level, thirteen

* Specifically we should like to plot ¢ (r 8) = (a,0), etc. In lieu
of having data at precisely r = a, we Xwould graph stresses for
elements bordering the hole.



belcw), so that it is not a certainty that (2.4) represerts his results
at high strains. On the other hand, the growth in €, Par unit change
in (stress) loading is greatest at this level, so that the numerical
data become suspect. Two possibilities are evident. The first is that
the load increment was too large in this phese. The seccnd is that the
means used to account for the changing shape of the hole becomes too
approximate in this strain range. This effect may occur either because
the basic approximation is invalid in this range or because the use of
a ""true' stress-strain curve is inappropriate.

Were the thrust of the overall program to investigate this particular
problem, considerably further work would be indicated. It is believed,
however, that the primary objective has heen attained, namely, to
ascertain the utility of elasto-plastic theory as a predictive device.

The numerical and experimental data are remarkably consistent. It
further zppears that improvements can be effected by suitable manipulation
of the finite element technique but that such efforts are not

justified at this point.>



III. LOCAL BEHAVIOR IN PLANE STRAIN

As a second problem area, we zre examining the growth of plastic
zones in '"plane strain" specinens of higl strength materials, notably
steel. e consider a planar disc of radius Ty having a crack that
emanates from the center to the boundsry. Loadings are limited to
thosz syametric above and below the crack line, so that coaly half the
disc need be studied - see Figure 3.i. The disc is dividad into 525
elements and has 289 nodes, or 578 degrees of freedom. Tae disc is
regarded as having been cut out from, say, a tensile specimen so that
it rzpresents the immediate vicinity of the crack tip. Tais view is
further enhanced by two additional measures. First we set rO/b = 0,1,
wherz b is the half-crack length. Secondly we impose loading on

T = darived from the one-term singularity solution:

o_ = o/b/2r (% cos /2 - cos 3$/2)

o, = ovb/2r C% cos ¥/2 + cos 39/2) (3.1)

o/b/2r C% sin ¢/2 + %~sin 39/2)

]
L}

Ty

whers o is the uniform stress imposed on the plate an infinite

distance away.



To date, we have checked the elastic solution only and have
found the numerical results to be in reasonable agreement with theory.
In Figures 3.2 - 3.4 are plotted oy/?i, ax/'&', and 31 /20 at T = 0.0008b,
as functions of angular position. The pattern of alternating high-low
results is manifest but is not expectec to be particularly harmful.
Of special interest is the relative accuracy of the stress concentration,
particularly in comparison to previous results.4

Using this array of elements we plan to proceed to higher loads,
i.e., such that yielding occurs and fills a reasonable portion of the
disc. The stress-strain curve wiil be that of a high-stirength alloy
which experimentally has been observed toc follow the predictions
of linear fracture mechanics. Such behavior would appear to justify
the formulation of this problem.

Comment: One of the interesting fearures of the analytical

solution is that the radial displacemert vanishes at ¢ = v, viz.

u_ = (o/4u) Y (br/2) [(5-8v)cos ¢/2 - cos 3¢/2]
(3.2)

u, = (6/4u)Y (br/2) [(5-8v)sin ¥/2 - sin 39/2]

where p is the shear modulus and v is Poisson's ratio. This characteristic

is not observed in the finite element soluticn in which, for ¢ - w, u

is small but not zero. As a consequence the finite element solution
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does not reproduce the high stress gredicate in the circumferential
directicn as ¢ + n (see Figures 3.2 - 3.4). This behavicr is not of
critical importance, as yielding is not expected to be lsrge in this
arsc.

This study can have significance beyond its present purpose. One
might ask, for example, the load level szt which yielding causes
displacements to deviate markedly from the values predicted by (3.2).
If this loading is greater than the known fracture stress, some light

may be shed on the reasons K. . is a useful parameter for this class

1C
of materials. Many other possibilitics come to mind as well; it is
anticipated that the utility of this problem study will ‘e far greater

thanr: the comparison between theory and experiment originslly contemplated.g
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IV. STRAIN MEASUREMENTS IN PLANE STRESS

A third problem area is the outgrowth of a presentation at a
recent ASTM Subcommittee meeting. Underwcod and Kendali have begun
measurenents in single edge-notched shests of copper, pir-loaded
in tension. They use optical interfeyvometry to measure thickness
reducticn strain (ez) and the moiré method to determine strain (ey) in
the direction of load application. The result, of course, is an
‘accurate determination of these two strzin components in a simple
georetric shape. The question raised thoreby is whether their experimental
restits are predictable by finite-elenert elaso-plastic znalysis.
To date, two attempts have been made tc¢ provide an zffirmative
ansver to this question. Without rehearsing the various details of
the progress of this work, we note the conclusion drawn o far,
Of the three major components of problem formulatior - geometry,
leading, and material characteristics - only the first i: easily
- specified. The loading, particularly that due to a pin, is not a
trifling matter. The load distributicn on z line parallel to, but
several crack lengths away from, t
It turns out, however, that imposition of uniform tensile loading does
not alter the strain field in awmajor fzshion, at least in this problem.
Suczt a conclusion, of course, is mer2iv = restatement either of St. Venant's
prirciple or the basic fact of linear fracture mechanics, that the
presence of the crack overwhelms all lesser features.
On the other hand, the results are noticeably sensitive to
proper specification of the material characteristics, i.e., the elastic

constants and the stress-strain curve, as yielding progresses. In the



12

first attempt to match experiment and numerical results, <he discrepancy
was opproximately an order of magnitud2. This was traced o a significant
over cstimation of the proportional 1limit. Correcting th’s required
performance of stress-strain tests of considerable care, particularly

in the region of initial yield. Th2 s3cond attempt was made on this

basii. 7he results are suggested by Figures 4.1 and 4,2 which show
strains along the line of crack prolongation. While the general

behavior is similar, the numerically predicted strains are noticeably
below the experimental data. Certainly some improvement over the

firsc at-empt is obvious, but the comparison remains far ‘rom satisfactory.

Upon detailed examination of these results, two factors emerge as
being worth further investigation. Thz first is a continiation of
the specification of the stress-strain curve in the region of
initial 7ielding. The stress-strain curve of copper is known to
exhibit but little linear elastic strain, and extraordinary care is
required to define its shape in the regicn of initial yielding.

Further tests have just been completed; they show a dimunition of the
proportisnal 1imit from 3,700 1b/in2 to absout 2,900 ib/inz. Incorporating
this correction into the analysis sheuzld produce considerable

improvemsnt in comparisons such as those saown in Figure 3.1 and 4.2.

The second factor is essentially an experimental eridor in determining
€, - The method used heretofore essentially subtracts out any uniform
component, i.e., that part of €, which is everywhere the same over the
plate. As a result the experimental curve of Figure 4.2 should be
shifted upwards by a small but unknown amount. Steps are in process of
being taken to correct this error, which should provide improvements in

the comparison.
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One Final item should be noted. 7o insure that the discrepancies
in Figure 4.1 and 4.2 do not accrue from numerical approximation in
the finite element technique, we made a comparison betwessn elastic
analysis and photoelastic study of comarable situations. Typical
of the results are the plots shown in Vigures 4.3 and 4.4 which have
bothk thecretical and experimental datz. It is to be cbses:ved that
agrecment is satisfactory, and that the cccasional alternzting errors
noted ab¢ve are present.

Coumzeent: Of the three probiems cduscussed so far, this is perhaps
the most complex and has provided the most difficulty and the most
useful information, viewed as a pilot study. It has shewn that
vari.tions in the load distribution do not exert a major influence on
the .train field near the crack tip; that experimental snd theoretical
intespratations of quantities selected for cemparison musi be amenable
to compsrison; and that the results cax be very sensitive to the shape
of the suress-strain curve, especially in the region of initial yield.

The last point is discussed more fully in the next s:ction. The
second is superficiallytobvious, but is rarely recognized in actual

praciies.  Altogether too often the expsrimestalist and sialyst use
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the sape cerms to cescwib. quzmtities ~.caily
diff:ren:, or are similar but not precisely the same. Ilix:rapelating on
this poiat, it is becoming increasingly clear that the dezailed
compariscns anticipated in later stages of this program wist be designed
in sach 2 manner that the problem specifications for both experiment and

analysis tally precisely. Where differences between the two must

occur, as for example in the presumed analogue between thick plates



and « state of plane strain, the coasequences must be independently

asse:sed. Where possible, the experirm:nt should be desipied to

e s - ) . . 1
minirnize the influence of such djfferences.

14
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V. EFFECT OF INITIAL YIEIDiMG: MODEL STUDY

A interesting and pertinent cuestion that arises i the analysis
of elasto-plastic flow concerns the shapce of the stress-ctrain curve
in the area of initial yielding. 1If, f¢» example, it sii:uld happen that
thess local details influence the :z{rcin (o1 stress) fi:ld some distance
fron. the ra2gion where they are specifically appropriate, or if they
affect the subsequent field, i.e., at hisher loading, thacn twe
observaiions are in order. The first is the particular :ttention should
be given to prescribing this part of the stress-strain tuzve precisely
wher: physical predictions are to be mede. The second i: that the
thecretical model may have an inherent limitation, namely, substituting
linear and non-linear stress-strain relztiors for recovs:able and
unrecoverable strains.
While these two points have beex suggested previou:?y,lz‘ls’3
an zpprcpriate model study has not, to the writer's knowriedge, been
compieted. It is possible, however, 1o investigate the iatter, and
an znaliysis is now in progress.

Corsider an infinite elasto-plastic medium contairirg a spherical
voic, of radius a. If the surfice of ths void is subjec! to a pressure
p = (%), where t is time, then the wmndium possesses spherical symmetry

and the icading conditions become

cr(a,t) = - p(:)
(5.1)

or(r,t) + 0 as v + «
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where u 1s the elastic shear modulus, the dot denotes a iime derivative,

and

[
M= /3P
&q
the notution following from Reference 14,
Taking the time derivative of (5.3) and (5.4}, putting the latter

into (5.5), and that result in to {5.3), we find

» .

3_gel-v 2 M. du. . o1y,
G -3l ezl =0 (5.6)

as the Navier equation for this problam. The first term in brackets

may be :emoved if we consider the str2ss-strain curve t¢ be trilinear,
i.e., composed of three straight-lire segmeats as in Figire 5.1. Each
segient is of constant slope in the range of r to which it is appropriate
and thereby may be removed from (5.€).

The solution of (5.9) may then be shows to take tle general form

o 1.}.\1 a
U = Ar + 5 Br 5.7)
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so that

. 1-2v 3 14y = -5
Sr- E A‘Z'-E-B.v
° 1-2v 12y °0 -3
ewz E A+ —-;,D-—-Bl
(5.8)
L ] o 2 - -3
Gr—A-mBr
G =A% ——Br>

It is tc be noted that (5.7) and {5.3) may be integratei with respect
to time merely by removing the dots ir these squations, for null
initial conditions.

The stressed mediun is then regarded as comprising -hrees sections,

€

¥y
m

choarnrodvigte to its own section o7 Vo ruress-styais curve. The
full sclution is then pieced together fium three parts > observing
suitable continuity conditions. The first cf these is that the
dispiacement u shall be continuous. The second is that the stress-strain

curve is continuous or, equivalently, that T, = /2(o¢ - cr)/S is

continuous,
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Inserting these conditions, as w311 as (5.1), gives the result

red. These formulae are currentiv under process of :wumerical

dation; the preliminarxy indicaticn is that the characier of the
rial yielding will have some influznce on the stress :nd strain

ds in the manner expected. The character and degree of influence

o

.ts quantitative evaluation which shculd provide useful information

making comparisons between theoiy and experiment.

19
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VI. CONCLUDING REMARKS

The three studies described, together with supporting analyses,
are providing useful informa“ion concerning the mannesr in which comparisons
between thecry md experiment mav lic made in the analysis of elasto-

]
plastic flow neay notches and crachs. Although much of the intended work
awaits comletin, information alz -dy derived is most instyuctive
as to the char:-ier of resulw ths: :luimately wiv be anticipated.

In additin: to the specific withblams described, some comnsidaration
is being given :c othewrs, no:tably ore based on the slow-bend notch
geometry as uéai in AS™M stuiies.15 “his project has not beern carriad
far enough to wayrant wmuch comment ot this writing, except to note
that the finite clement model appears ill-suited to problems in which
in-plane bendin; plays a major vels, =ad thereby further work may no:
be performed.

In all, hoiwver, progress is leensd both satisfactory and wewaxding.

It is further su~ected that, as ea:h of these projects is completad,

2 detailed individual report will e issued.
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Figure 2.2 - Variation in eccentricity of hcle with "applied' strain.
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Figure 3.1 - Planar disc an.d coordinates - crack lies along j = n.
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Figure 4.1 - Comparlson of numcrlcal and experimental values of . (r 0 at

C =5 2200 1b/1n (= 1.4 x prop. lim.) in SEN copper bpecimen
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Figure 4.3 - Comparison of (elastic) numerical and photoelastic values of
meax/o = (ol - cz)/o along » = b, a vertical line through the

¢rack tip.
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Figure 5.1 - Trilinear stress-strain curve,
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